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Abstract: In this research article, we have defined new subclasses GW?? (., 8)

5,t,0,q
and T GW;’S’ »q(@, ) of analytic functions involving Wanas Operator. We have
discussed coefficients conditions for these introduced subclasses. Further proper-
ties such as partial sum and integral means results are also investigated for these

subclasses.
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1. Introduction
Let A denote the class of all analytic functions in the open unit disk U = {z €
C': |z| < 1} with normalization f(0) = f(0) — 1 = 0 of the form

f(z):z—I—ibkzk,zeU. (1.1)

k=2

Denote by S, the subclass of A consisting functions that are univalent, 7" as the
subclass of A consisting functions of the form

f(z):z—Zbkzk,kaO,zeU (1.2)

k=2
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introduced and studied by Silverman [3].
In 2019, Wanas [9] introduced the operator called Wanas Operator ng A=A

as
0
T+kt7’
W0'6 — 1T+18
o=+ 2 |2 (7) e (F

where s € R, t € Rj with s+¢>0,k—1,0 € Nand § € N.
For f € A, we have the (p — ¢)— Wanas Operator [10] as

a,6 . - [\Ilk(ga 8y t)] '
Wstqu( )—Z+Z m ka —Z—i—ZDk(;ka (14)

br2", (1.3)

k=2

5
where Dy s = (M) ; (1.5)

Uy (0, 8,t) = 2; ( j ) (=) (s7 4+ kt7), Wy (0,5, 1) = S ( j ) (—1)™(s™ + 1)

=1
seRteR] withs+t>0,k—1,06eN,eNy,0<g<p<landzeU.
In continuation of the study of Rosy et al [2], Sunil Verma et al [7] and T. Thu-
lasiram et al [8], we introduce new subclasses of A involving (p — ¢)— Wanas
operator.

Definition 1.1. Let a > 0,0< < 1,0<q¢<pandd > 0. A function f € A is
said to be in GW? (v, B) if it satisfies the following condition,

s,t,p,q

0,0 0,0
éR(vvstqu< )) ‘(ngpqﬂ - Waieal G)) g 16)

z z

where Wstqu( z) is given by (1.4).

We further let TGW‘;’qu( ,B) = GW??M( ,B)NT.

For Vy(o,s,t) = 1,¥y(0,s,t) = 1, the class GWprq( , B) reduces to the class
SD(«).

2. The Subclasses GW?qu(Oz f) and TGWprq( ,B)

Theorem 2.1. A function f(z) € GWprq( ,B) if

> [+ alk—1)]Dyslbel <1-8 (2.1)
k=2
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where a > 0,0 < < 1 and Dy is given by (1.5).
Proof. Since a > 0,0 < < 1, it suffices to show that

<Wﬁmﬂ>w_%{meggxn_l}gl_ﬁ

o (WEh, () — 2222 -

We have

a|(Wp, f(2) —

z z

0,0 0,0
<WHPJ<»‘_%{avnmf<»_l}

0,0 0,0
0 Wetpal G| | (Witpaf (7))
<a (Wstqu(z)), - qu I;q -1
<o) (k—1)Dyglbl + ZDk5|bk|
k=2 k=2
= 2(1 + ak — 1)) Dy | bg]-
k=2
The last expression is bounded above by (1 — ) if
> (14 a(k = 1)) Dyslbe] <1- 8.
k=2
Theorem 2.2. For a > 0,0 < 3 <1, a function f(z) € TGWStpq( ,B) if and
only if
> L+ ak — 1)) Dyslbe <1 8. (2.2)
k=2

Proof. Suppose f(z) of the form (1.2) is in the class TGW‘;?M( ,3). Then

%(wa%mﬂ)) (TWEial (2))

z z

(ngfp qf( )), - > 6

= R(L— ) Dyslbelz"") —al Y (k—1)Dys bp2*'[ > 8

k=2 k=2
Letting z to take real values and as |z| — 1, we have

1— ZDk,é|bk| - CVZ(k‘ — 1) Dy 5lbx| > 8
k=2 k=2
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k:2

where a > 0,0 < 5 <1, Dy is given by (1.5).

Corollary 2.1. If f € TGWT,, (v, B), then
(1-5)
br| < 2.3
1Dl < (14 a(k —1))Dggs (2:3)
where k > 2,a > 0,0 < 5 < 1 and Dy is given by (1.5).
Equality holds for the function
1—
fr(z) =2z — (1=-5) 2", (2.4)

(1 + Oz(k — 1))Dk75

a>0,0< <1, Dy is given by (1.5).

3. Partial Sums of Functions in the subclass GWStpq( ,B)

Silverman [6] investigated the partial sums of starlike and convex functions, we
examine the ratio of the function of the form (1.4) to its sequence of partial sums
where the coefficients of f are sufficiently small to satisfy the condition (2.1).

WO',(S WO' d '
We determine the sharp lower bounds for & [M] s [%‘m] ,
Ws t,p qf( )

stqum( )
%[%f(z)] and m[%f()]
Wstqu, (2) Wstqu/(z)

1
In the sequel, we make frequent use of the well known result that # L—l——wgzi > 0,
—w(z
z € U if and only if w( Z di2" satisfy the inequality |w(2)| < |z|.
k=1
Theorem 3.1. If a function f(z) € GWStpq( ,B) and satisfies (2.1), then
RisMON
%+ >1-— ,z€UmeN (3.1)
Wstqum(z)_ Em+1
and 5 )
R (2
R S;gqf ) > Cmtl ,2eUmeN (3.2)
L Ws,t,p,qf(z) ] L+ Em+1
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where e, = %.

The estimates in (3.1) and (3.2) are sharp for every m with extremal function
f(z)=z+ 677}-1-1 ZmH,
Proof. Clearly ey > e, > 1,k =2,3,4,...
Therefore, we have

Z Di 5|bx| + €mir Z Dy 5]k | < Z ex Dy s|br| < 1.
=2 =2 =2

Consider,

9(2) = emy1 [—W;’zan(z) — (1 o )]

0,0
Wt pafm(2) Em+1
o m
k-1 -1
1+ E Dy 5bk2" " + emt1 E Dy, sbz
k=m+1 k=2

1+ Z Dk,(gbkzk_l
k=2
1+ A(z)
1+ B(z)
1+ A(2)  1+w(z)

"1+ B(z) 1—w(z)
A(z) — B(2)

Set , so that

w(z) = 2+ A(z) + B(z)
Em+1 Z Dy, sb 2
_ k=m+1
242 Z Dk’gbkzkil + em+1 Z Dkﬁgbkzkil
k=2 k=m+1
and w(0) = 0.
eme1 Y Dislbel
k=m+1
w(z)]

S o oo
22 Drslbe| = emyr Y Dislbil
k=2 k=m+1
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if
ZDH]bk!+em+1 Z Dy.slbi| < 1. (3.3)

= k=m+1
The L.H.S of (3.3) is bounded above by Zk_Qeka,5|bk| >0

m o0

Z ex — 1) Dy s|bi| + Z (ex — €m+1)Dr s|bk| > 0.
k=2 k=m+1
The above inequality holds because ej is a non- decreasing sequence.

To see that the function f(2) = 2 + 5 1+1 2mF+1 gives a sharp result, we observe

that for z = re%,

0,0 1 m—+1
Wstqu( ) :Z—I—em—i—lz
Ws,t,p,qu(z) z
=1+ —1-— when r — 17
Em+1 Em+1

" Uf fm( ) Em+1
By setting, h(z) = (14 epq) | —22—~ — (—) :
B =t “)[Wf;quf( ) \L+emn
The proof of (3.2) is akin (3.1).

Theorem 3.2. If a function f(z) € GW;’qu( ,B) and satisfies (2.1), then

W0'5 / 1
%M >1-2% seUmeN (3.4)
Wi pafm(2) Em+1

and

WU(5 / dm
R Satép qfl n(?) > + ,z€UmeN (3.5)
Wstqu (’Z) m—|—1+em+1
where e, = %.

The estimates in (3.4) and (3.5) are sharp for every m with extremal function

1 m
f(z )_Z+e ——rd +1

Proof. Clearly ex.1 > e, > 1,k =2,3,4,.... Therefore, we have

> Dislbel + emi1 Y Dislbel <D exDyslbrl < 1.
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" W0—76 / o 1
By setting, g(z) = Em 1 ;’;’p’qf/( ) — (1 _m* ) ,zeU
m+ 1\ WT, o fm(2) Cmt1
L+ emer | Wetpafm(z m
and h(Z):WH_ e (j—t;smf,()_( G > ,z2€eU
m+1 Ws:t,p,qf (Z) m+ 1+ Em+1

the result follows and the details are omitted.

4. Integral means inequalities of TGW?? («, f3)

5,t,0,q
We obtain integral means inequalities for the functions in the subclass

TGW,, . (a, B).

Lemma 4.1. [1] If the functions f and g are analytic in U with g < f, then for
k>0,and 0 <r<1

27 27
/ lg(re®)["d6 < / Fre®)|"db. (4.1)
0 0

In [3], Silverman found the function f(z) = z— % is often extremal over the fam-

ily T'. He applied this function to resolve his integral means inequality, conjectured
[4] and settled [5], that

[ ieenran < [T inwena (12
0 0

forall f € T)k > 0 and 0 < r < 1. In [5], he also proves his conjecture for the
subclasses of starlike functions of order o and convex functions of order .
Using theorem 2.2 and lemma 4.1, we prove the following result.

Theorem 4.1. Suppose f(z) € TGW§7’£p7q(a,ﬁ) and fa(z) is defined by

-8 .,
(1—|—OZ(/{7— 1))Dk75 ’

fol2) =2 —

then for z =re® 0 <r < 1, we have,

/0 C|i(2)rde < / | fa(2)|rdb. (4.3)

0

Proof. For f(z) = z — > 12, byz" and fa(z) = 2 — a7 a((lk:_—ﬁl)))Dk(;Zz then we
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show that
2w o0 K 2w 1 +ﬁ K
1— bzkd0</ 1— z| db.
/0 Z ’ = Jo (1+a(k — 1)) Dy,

By Lemma 4.1, it suffices to show that

0 - 1—{—6
— 1 - bl <1~ z
2 Wl <1 - e,
o0 B 1+/8
1= blzFY=1-
:> Z k’Z ’ (1+Oé<k—1))Dk’5|Z’
1+ 4

Z ka

‘(1 alk=1)Dys~

- 1+ _
2.0 7 o < 1
k:2 k.o

5. Conclusion

This article makes use of the (p — q)-Wanas operator and defines two new
subclasses of analytic univalent functions. This defined classes analyzes coefficient
estimates, partial sums and integral mean results for the functions belonging to
them. Furthermore, we believe that this study can be extended to analyzing various
other properties.
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