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Abstract: In this research article, we have defined new subclasses GW σ,δ
s,t,p,q(α, β)

and TGW σ,δ
s,t,p,q(α, β) of analytic functions involving Wanas Operator. We have

discussed coefficients conditions for these introduced subclasses. Further proper-
ties such as partial sum and integral means results are also investigated for these
subclasses.
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1. Introduction
Let A denote the class of all analytic functions in the open unit disk U = {z ∈

C : |z| < 1} with normalization f(0) = f ′(0)− 1 = 0 of the form

f(z) = z +
∞∑
k=2

bkz
k, z ∈ U. (1.1)

Denote by S, the subclass of A consisting functions that are univalent, T as the
subclass of A consisting functions of the form

f(z) = z −
∞∑
k=2

bkz
k, bk ≥ 0, z ∈ U (1.2)
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introduced and studied by Silverman [3].
In 2019, Wanas [9] introduced the operator called Wanas Operator W σ,δ

s,t : A → A
as

W σ,δ
s,t f(z) = z +

∞∑
k=2

[
σ∑

τ=1

(
σ
τ

)
(−1)τ+1

(
sτ + ktτ

sτ + tτ

)]δ
bkz

k, (1.3)

where s ∈ R, t ∈ R+
0 with s+ t > 0, k − 1, σ ∈ N and δ ∈ N0.

For f ∈ A, we have the (p− q)− Wanas Operator [10] as

W σ,δ
s,t,p,qf(z) = z +

∞∑
k=2

(
[Ψk(σ, s, t)]p,q
[Ψ1(σ, s, t)]p,q

)δ

bkz
k = z +

∞∑
k=2

Dk,δbkz
k (1.4)

where Dk,δ =

(
[Ψk(σ, s, t)]p,q
[Ψ1(σ, s, t)]p,q

)δ

, (1.5)

Ψk(σ, s, t) =
σ∑

τ=1

(
σ
τ

)
(−1)τ+1

(
sτ + ktτ

)
,Ψ1(σ, s, t) =

σ∑
τ=1

(
σ
τ

)
(−1)τ+1

(
sτ + tτ

)
s ∈ R, t ∈ R+

0 with s+ t > 0, k − 1, σ ∈ N , δ ∈ N0, 0 < q < p ≤ 1 and z ∈ U .
In continuation of the study of Rosy et al [2], Sunil Verma et al [7] and T. Thu-
lasiram et al [8], we introduce new subclasses of A involving (p − q)− Wanas
operator.

Definition 1.1. Let α ≥ 0, 0 ≤ β < 1, 0 < q ≤ p and δ > 0. A function f ∈ A is
said to be in GW σ,δ

s,t,p,q(α, β) if it satisfies the following condition,

ℜ
(
W σ,δ

s,t,p,qf(z)

z

)
≥ α

∣∣∣∣∣(W σ,δ
s,t,p,qf(z))

′ −
W σ,δ

s,t,p,qf(z)

z

∣∣∣∣∣+ β (1.6)

where W σ,δ
s,t,p,qf(z) is given by (1.4).

We further let TGW σ,δ
s,t,p,q(α, β) = GW σ,δ

s,t,p,q(α, β) ∩ T .

For Ψk(σ, s, t) = 1,Ψ1(σ, s, t) = 1, the class GW σ,δ
s,t,p,q(α, β) reduces to the class

SD(α).

2. The Subclasses GW σ,δ
s,t,p,q(α, β) and TGW σ,δ

s,t,p,q(α, β)

Theorem 2.1. A function f(z) ∈ GW σ,δ
s,t,p,q(α, β) if

∞∑
k=2

[1 + α(k − 1)]Dk,δ|bk| ≤ 1− β (2.1)
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where α ≥ 0, 0 ≤ β < 1 and Dk,δ is given by (1.5).
Proof. Since α ≥ 0, 0 ≤ β < 1 , it suffices to show that

α

∣∣∣∣∣(W σ,δ
s,t,p,qf(z))

′ −
(W σ,δ

s,t,p,qf(z))

z

∣∣∣∣∣−ℜ

{
(W σ,δ

s,t,p,qf(z))

z
− 1

}
≤ 1− β.

We have

α

∣∣∣∣∣(W σ,δ
s,t,p,qf(z))

′ −
(W σ,δ

s,t,p,qf(z))

z

∣∣∣∣∣−ℜ

{
(W σ,δ

s,t,p,qf(z))

z
− 1

}

≤ α

∣∣∣∣∣(W σ,δ
s,t,p,qf(z))

′ −
(W σ,δ

s,t,p,qf(z))

z

∣∣∣∣∣−
∣∣∣∣∣(W

σ,δ
s,t,p,qf(z))

z
− 1

∣∣∣∣∣
≤ α

∞∑
k=2

(k − 1)Dk,δ|bk|+
∞∑
k=2

Dk,δ|bk|

=
∞∑
k=2

(1 + α(k − 1))Dk,δ|bk|.

The last expression is bounded above by (1− β) if

∞∑
k=2

(1 + α(k − 1))Dk,δ|bk| ≤ 1− β.

Theorem 2.2. For α ≥ 0, 0 ≤ β < 1 , a function f(z) ∈ TGW σ,δ
s,t,p,q(α, β) if and

only if
∞∑
k=2

[1 + α(k − 1)]Dk,δ|bk| ≤ 1− β. (2.2)

Proof. Suppose f(z) of the form (1.2) is in the class TGW σ,δ
s,t,p,q(α, β). Then

ℜ
(
TW σ,δ

s,t,p,qf(z)

z

)
− α

∣∣∣∣∣(TW σ,δ
s,t,p,qf(z))

′ −
(TW σ,δ

s,t,p,qf(z))

z

∣∣∣∣∣ ≥ β

=⇒ ℜ(1−
∞∑
k=2

Dk,δ|bk|zk−1)− α|
∞∑
k=2

(k − 1)Dk,δ bkz
k−1| ≥ β

Letting z to take real values and as |z| → 1, we have

1−
∞∑
k=2

Dk,δ|bk| − α

∞∑
k=2

(k − 1)Dk,δ|bk| ≥ β
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=⇒
∞∑
k=2

(1 + α(k − 1))Dk,δ|bk| ≤ 1− β

where α ≥ 0, 0 ≤ β < 1 , Dk,δ is given by (1.5).

Corollary 2.1. If f ∈ TGW σ,δ
s,t,p,q(α, β), then

|bk| ≤
(1− β)

(1 + α(k − 1))Dk,δ

(2.3)

where k ≥ 2, α ≥ 0, 0 ≤ β < 1 and Dk,δ is given by (1.5).
Equality holds for the function

fk(z) = z − (1− β)

(1 + α(k − 1))Dk,δ

zk, (2.4)

α ≥ 0, 0 ≤ β < 1 , Dk,δ is given by (1.5).

3. Partial Sums of Functions in the subclass GW σ,δ
s,t,p,q(α, β)

Silverman [6] investigated the partial sums of starlike and convex functions, we
examine the ratio of the function of the form (1.4) to its sequence of partial sums
where the coefficients of f are sufficiently small to satisfy the condition (2.1).

We determine the sharp lower bounds for ℜ

[
W σ,δ

s,t,p,qf(z)

W σ,δ
s,t,p,qfm(z)

]
,ℜ

[
W σ,δ

s,t,p,qfm(z)

W σ,δ
s,t,p,qf(z)

]
,

ℜ

[
W σ,δ

s,t,p,qf
′(z)

W σ,δ
s,t,p,qf

′
m(z)

]
and ℜ

[
W σ,δ

s,t,p,qf
′
m(z)

W σ,δ
s,t,p,qf

′(z)

]
.

In the sequel, we make frequent use of the well known result that ℜ
[
1 + w(z)

1− w(z)

]
> 0,

z ∈ U if and only if w(z) =
∞∑
k=1

dkz
k satisfy the inequality |w(z)| ≤ |z|.

Theorem 3.1. If a function f(z) ∈ GW σ,δ
s,t,p,q(α, β) and satisfies (2.1), then

ℜ

[
W σ,δ

s,t,p,qf(z)

W σ,δ
s,t,p,qfm(z)

]
≥ 1− 1

em+1

, z ∈ U,m ∈ N (3.1)

and

ℜ

[
W σ,δ

s,t,p,qfm(z)

W σ,δ
s,t,p,qf(z)

]
≥ em+1

1 + em+1

, z ∈ U,m ∈ N (3.2)
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where ek =
1 + α(k − 1)

1− β
.

The estimates in (3.1) and (3.2) are sharp for every m with extremal function

f(z) = z + 1
em+1

zm+1.

Proof. Clearly ek+1 > ek > 1, k = 2, 3, 4, . . .
Therefore, we have

m∑
k=2

Dk,δ|bk|+ em+1

m∑
k=2

Dk,δ|bk| ≤
m∑
k=2

ekDk,δ|bk| ≤ 1.

Consider,

g(z) = em+1

[
W σ,δ

s,t,p,qf(z)

W σ,δ
s,t,p,qfm(z)

−
(
1− 1

em+1

)]

=

1 +
∞∑

k=m+1

Dk,δbkz
k−1 + em+1

m∑
k=2

Dk,δbkz
k−1

1 +
m∑
k=2

Dk,δbkz
k−1

=
1 + A(z)

1 +B(z)
.

Set,
1 + A(z)
1 +B(z)

=
1 + w(z)
1− w(z)

, so that

w(z) =
A(z)−B(z)

2 + A(z) +B(z)

=

em+1

∞∑
k=m+1

Dk,δbkz
k−1

2 + 2
∞∑
k=2

Dk,δbkz
k−1 + em+1

∞∑
k=m+1

Dk,δbkz
k−1

and w(0) = 0.

|w(z)| ≤

em+1

∞∑
k=m+1

Dk,δ|bk|

2− 2
∞∑
k=2

Dk,δ|bk| − em+1

∞∑
k=m+1

Dk,δ|bk|
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if
∞∑
k=2

Dk,δ|bk|+ em+1

∞∑
k=m+1

Dk,δ|bk| ≤ 1. (3.3)

The L.H.S of (3.3) is bounded above by
∑∞

k=2
ekDk,δ|bk| ≥ 0

m∑
k=2

(ek − 1)Dk,δ|bk|+
∞∑

k=m+1

(ek − em+1)Dk,δ|bk| ≥ 0.

The above inequality holds because ek is a non- decreasing sequence.

To see that the function f(z) = z + 1
em+1

zm+1. gives a sharp result, we observe

that for z = re
iπ
m ,

W σ,δ
s,t,p,qf(z)

W σ,δ
s,t,p,qfm(z)

=
z + 1

em+1
zm+1

z

= 1 +
zm

em+1

→ 1− 1

em+1

when r → 1−

By setting, h(z) = (1 + em+1)

[
W σ,δ

s,t,p,qfm(z)

W σ,δ
s,t,p,qf(z)

−
(

em+1

1 + em+1

)]
.

The proof of (3.2) is akin (3.1).

Theorem 3.2. If a function f(z) ∈ GW σ,δ
s,t,p,q(α, β) and satisfies (2.1), then

ℜ

[
W σ,δ

s,t,p,qf
′(z)

W σ,δ
s,t,p,qf

′
m(z)

]
≥ 1− m+ 1

em+1

, z ∈ U,m ∈ N (3.4)

and

ℜ

[
W σ,δ

s,t,p,qf
′
m(z)

W σ,δ
s,t,p,qf

′(z)

]
≥ dm+1

m+ 1 + em+1

, z ∈ U,m ∈ N (3.5)

where ek =
1 + α(k − 1)

1− β
.

The estimates in (3.4) and (3.5) are sharp for every m with extremal function

f(z) = z + 1
em+1

zm+1.

Proof. Clearly ek+1 > ek > 1, k = 2, 3, 4, . . . . Therefore, we have

m∑
k=2

Dk,δ|bk|+ em+1

m∑
k=2

Dk,δ|bk| ≤
m∑
k=2

ekDk,δ|bk| ≤ 1.
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By setting, g(z) =
em+1

m+ 1

[
W σ,δ

s,t,p,qf
′(z)

W σ,δ
s,t,p,qf

′
m(z)

−
(
1− m+ 1

em+1

)]
, z ∈ U

and h(z) =
m+ 1 + em+1

m+ 1

[
W σ,δ

s,t,p,qf
′
m(z)

W σ,δ
s,t,p,qf

′(z)
−
(

em+1

m+ 1 + em+1

)]
, z ∈ U

the result follows and the details are omitted.

4. Integral means inequalities of TGW σ,δ
s,t,p,q(α, β)

We obtain integral means inequalities for the functions in the subclass
TGW σ,δ

s,t,p,q(α, β).

Lemma 4.1. [1] If the functions f and g are analytic in U with g ≺ f , then for
κ > 0, and 0 < r < 1 ∫ 2π

0

|g(reiθ)|κdθ ≤
∫ 2π

0

|f(reiθ)|κdθ. (4.1)

In [3], Silverman found the function f(z) = z− z2

2
is often extremal over the fam-

ily T . He applied this function to resolve his integral means inequality, conjectured
[4] and settled [5], that∫ 2π

0

|f(reiθ)|κdθ ≤
∫ 2π

0

|f2(reiθ)|κdθ (4.2)

for all f ∈ T, κ > 0 and 0 < r < 1. In [5], he also proves his conjecture for the
subclasses of starlike functions of order α and convex functions of order α.
Using theorem 2.2 and lemma 4.1, we prove the following result.

Theorem 4.1. Suppose f(z) ∈ TGW σ,δ
s,t,p,q(α, β) and f2(z) is defined by

f2(z) = z − (1− β)

(1 + α(k − 1))Dk,δ

z2,

then for z = reiθ, 0 < r < 1, we have,∫ 2π

0

|f(z)|κdθ ≤
∫ 2π

0

|f2(z)|κdθ. (4.3)

Proof. For f(z) = z −
∑∞

k=2 bkz
k and f2(z) = z − (1− β)

(1 + α(k − 1))Dk,δ
z2 then we
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show that ∫ 2π

0

∣∣∣∣1− ∞∑
k=2

bkz
k

∣∣∣∣κdθ ≤
∫ 2π

0

∣∣∣∣1− 1 + β

(1 + α(k − 1))Dk,δ

z

∣∣∣∣κdθ.
By Lemma 4.1, it suffices to show that

=⇒ 1−
∞∑
k=2

bk|zk−1| ≤ 1− 1 + β

(1 + α(k − 1))Dk,δ

|z|

=⇒ 1−
∞∑
k=2

bk|zk−1| = 1− 1 + β

(1 + α(k − 1))Dk,δ

|z|

=⇒
∣∣∣∣ ∞∑
k=2

bkz
k−1

∣∣∣∣ = ∣∣∣∣ 1 + β

(1 + α(k − 1))Dk,δ

z

∣∣∣∣
|w(z)| =

∞∑
k=2

1 + β

(1 + α(k − 1))Dk,δ

bk|z|k−1 ≤ |z|.

5. Conclusion
This article makes use of the (p − q)-Wanas operator and defines two new

subclasses of analytic univalent functions. This defined classes analyzes coefficient
estimates, partial sums and integral mean results for the functions belonging to
them. Furthermore, we believe that this study can be extended to analyzing various
other properties.

References

[1] Littlewood, J. E., On inequalities in theory of functions, Proc. Lond. Math.
Soc, 23 (1925), 481-519.

[2] Rosy T., Studies on subclasses of starlike and convex functions, Ph.D Thesis,
University of Madras, 2001.

[3] Silverman H., Univalent Functions with negative coefficients, Proc. Amer.
Math. Soc., 51 (1975), 109-116.

[4] Silverman H., A survey with open problems on univalent functions whose
coefficients are negative, Rocky Mt. J. Math., 21 (1991), 1099-1125.

[5] Silverman H., Integral means for univalent functions with negative coeffi-
cients, Houst. J. Math, 23 (1997), 169-174.



On Certain Subclasses of Analytic Functions ... 187

[6] Silverman H., Partial sums of starlike and convex functions, J. Math. Anal.
Appl., 209 (1997), 221-227

[7] Sunil Varma S. and Rosy T., Certain properties of a subclass of univalent
functions with finitely many fixed coefficients, Khayyam J. Math, 3(1) (2017),
26-33.

[8] Thulasiram T., Sudharsan T. V. and Suchithra K., On certain subclass of
analytic functions associated with polylogarithm function, Ad and Appl in
Math. Sci, 22(10) (2023), 2099-2108.

[9] Wanas, A. K., New differential operator for holomorphic functions, Earthline
J. Math. Sci, 2 (2019), 527-537.
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